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ESTIMATES OF HEAT KERNELS OF NON-SYMMETRIC LE´VY
PROCESSES
TOMASZ GRZYWNY AND KAROL SZCZYPKOWSKI
Abstract. We investigate densities of convolution semigroups of probability measures on Rd.
We prove lower on-diagonal estimates under mild assumptions on the corresponding jump
measure and the characteristic exponent. We obtain upper estimates of the density and its
derivatives if the jump measure compares with an isotropic unimodal measure and the charac-
teristic exponent satisfies certain growth condition. We apply these results to establish sharp
estimates of densities of non-symmetric Le´vy processes.
Furthermore, we expose that many typical conditions on the characteristic exponent repeat-
edly used in the literature of the subject are equivalent to the behaviour of the maximum of
the density as a function of the time variable.
1. Introduction
Heat kernel estimates intrigue researchers since many years. This is born out with enormous
number of articles devoted to that topic and with the development of various techniques and
approaches ([8], [2], [25], [47], [19], [56], [11], [10], [41], [30]). Of particular interest are densities
(heat kernels) of a rich class of convolution semigroups of probability measures, in other words,
the transition semigroups of Le´vy processes ([37], [50], [26], [42], [44], [27], [40], [32], [55], [52],
[45]). Their specific structure allows for better understanding and (uniform) results that can
be beneficial in further studies. They are for instance employed to construct more complex
Markovian semigroups and serve as a starting point in that procedure ([38], [39], [12], [34], [29],
[28]). This was also one of our motivations and the aim was accomplished in a preprint [20]. The
prominent example here, apart from Brownian motion, is the isotropic α-stable process with a
density comparable with t−d/α ∧ t|x|−d−α ([4], [59]). It gave rise to studies of other subordinate
Brownian motions ([46], [35]) and even more general isotropic unimodal Le´vy processes ([57],
[5], [13]). Certain part of the attention was also attracted by singular α-stable processes or other
(Lamperti, layered, relativistic, tempered, truncated) modifications and generalizations ([14],
[15], [16], [6], [58], [60], [26], [50], [24], [53], [55], [9], [43], [22], [23]). The above list of directions
as well as the literature are far from being complete and for more detailed descriptions we refer
the reader to [37], [53] (see also [55]).
A great deal of the existing literature focuses on symmetric Le´vy processes while for non-
symmetric Le´vy processes we observe quite general but rather implicit estimates ([37], [36],
[31]) or studies that are performed for very peculiar cases ([21], [48], [33], [54]). The following
paper can be placed between those two extremes as our purpose was to provide estimates for
a relatively large class of non-symmetric Le´vy processes in a legible and concise form. We also
note that the lower estimates is delicate as it is troublesome to detect the position of (in general
possibly infinite) supremum of the density (see Corollary 3.4 and Theorem 4.3).
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It is a common practice to use the characteristics describing continuous and jumping part of
the Le´vy processes in order to formulate assumptions. We follow this trend and we concentrate
on assumptions that are expressed by conditions on certain modifications of the characteristic
exponent (see [37, Theorem 2.1] and (C4)) or incorporate Fourier inversion formula (see [52,
Proposition 2.2 and 2.3] and (C5)). By complementing so far non-established implications
we show that those and other conditions are equivalent. This clarification not only provides
better comprehension of the existing results ([36], [31], [32], [55]), but also allows for significant
simplifications of assumptions. Our considerations also rest upon those conditions (see, for
example, Section 4).
We introduce our framework. Let d ∈ N and Y = (Yt)t>0 be a Le´vy process in Rd ([51]).
Recall that there is a well known one-to-one correspondence between Le´vy processes in Rd and
the convolution semigroups of probability measures (Pt)t>0 on R
d. The characteristic exponent
Ψ of Y is defined by
Eei〈x,Yt〉 =
∫
Rd
ei〈x,y〉Pt(dy) = e−tΨ(x) , x ∈ Rd ,
and equals
Ψ(x) = 〈x,Ax〉 − i 〈x, b〉 −
∫
Rd
(
ei〈x,z〉 − 1− i 〈x, z〉 1|z|<1
)
N(dz) .
Here A is a symmetric non-negative definite matrix, b ∈ Rd and N(dz) is a Le´vy measure, i.e.,
a measure satisfying
N({0}) = 0 ,
∫
Rd
(1 ∧ |z|2)N(dz) <∞ .
We call (A,N, b) the generating triplet of Y . Our aim is to (discuss the existence and) establish
estimates of the density p(t, x) of Yt, or equivalently of Pt(dx). To this end for r > 0 we define
h(r) = r−2‖A‖+
∫
Rd
(
1 ∧ |x|
2
r2
)
N(dx) ,
and
K(r) = r−2‖A‖+ r−2
∫
|x|<r
|x|2N(dx) .
Note that if e−tΨ(x) is absolutely integrable, we can invert the Fourier transform and represent
the density as
p(t, x) = (2pi)−d
∫
Rd
e−i〈x,z〉e−tΨ(z) dz .
The main results of this paper concerning heat kernel estimates are Proposition 4.2 and
Theorem 4.3 of Section 4, and Theorem 5.6 and Theorem 5.12 of Section 5.2 (see also Corol-
lary 5.11 and Remark 5.13). Below we present a sample of our findings which we formulate to
give a flavour of our more insightful conclusions. We use the following notation: for r > 0,
br = b+
∫
Rd
z
(
1|z|<r − 1|z|<1
)
N(dz) .(1.1)
Theorem 1.1. Let A = 0, b ∈ Rd and N(dx) = n(x)dx be a Le´vy measure satisfying
n(x) ≈ g(|x|) for a non-increasing function g : [0,∞)→ [0,∞]. Given T ∈ (0,∞], TFAE:
(a) There is c ∈ [1,∞) such that for all r < T ,
h(r) 6 cK(r) .
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(b) There is c > 0 such that for all t < T ,∫
Rd
e−tRe[Ψ(z)]dz 6 c
[
h−1(1/t)
]−d
.
(c) For every β ∈ Nd0 there is c ∈ [1,∞) such that for all 0 < t < T , x ∈ Rd,
|∂βx p(t, x+ tb[h−1(1/t)])| 6 c
[
h−1(1/t)
]−|β|(
[h−1(1/t)]−d ∧ tK(|x|)|x|d
)
,
and
p(t, x+ tb[h−1(1/t)]) > c
−1
(
[h−1(1/t)]−d ∧ tn(x)
)
.
Moreover, there are c ∈ [1,∞), R ∈ (0,∞] such that for all |x| < R,
K(|x|)
|x|d 6 c n(x) .
if and only if for some β ∈ [0, 2), c ∈ (0, 1] we have c λd+βg(λr) 6 g(r), λ 6 1, r < R.
The statements (a) and (b) of Theorem 1.1 may be restated in other equivalent forms by
Lemma 2.3, Theorem 3.1, Lemma 3.2, Corollary 3.4 and 3.5. The last part of the theorem may
be reformulated by Lemma 6.3. The proof of Theorem 1.1 is given at the end of Section 5.2.
We briefly comment on significance of the function h. The real part of Ψ equals Re[Ψ(x)] =
〈x,Ax〉 + ∫
Rd
(
1 − cos 〈x, z〉 )N(dz) and we consider its radial, continuous and non-decreasing
majorant defined by
Ψ∗(r) = sup
|z|6r
Re[Ψ(z)], r > 0 .
From [17, Lemma 4] we have that
1
8(1 + 2d)
h(1/r) 6 Ψ∗(r) 6 2h(1/r) , r > 0 .(1.2)
Thus h is a more tractable version of Ψ∗ (see Lemma 2.1). A deeper connection with the process
is that there exists a constant c > 0 depending only on the dimension d such that
c−1/h(r) 6 E[S(r)] 6 c/h(r) ,
where S(r) = inf{t : |Yt − tbr| > r} (see [49]). Intuitively, h describes the average expansion of
the process in the space.
We note that h(0+) < ∞ (h is bounded) if and only if A = 0 and N(Rd) < ∞, i.e., the
corresponding Le´vy process is a compound Poisson process (with drift). Most of the conditions
discussed in the paper automatically preclude Y from being such a process. Nevertheless, to
avoid unnecessary considerations we assume in the whole paper that h(0+) =∞.
The remainder of the paper is organized as follows. In Section 2 we collect fundamental
properties of functions K and h. In Section 3 we prove the equivalence of conditions (C1) −
(C7) (small time) and (D1) − (D4) (large time). Section 4 is dedicated to the lower on-
diagonal estimates of the denisty. In Section 5 we deliver upper estimates of the density and
its derivatives for pure-jump Le´vy processes and we complement them with lower on- and off-
diagonal estimates. We also give concrete examples. In Section 6 we store auxiliary results
concerning pure-jump isotropic unimodal Le´vy processes, in particular crucial features of the
bound function Υt(x) defined in (5.8).
We conclude this section by setting the notation. Throughout the article ωd = 2pi
d/2/Γ(d/2)
is the surface measure of the unit sphere in Rd. By c(d, . . .) we denote a generic positive
constant that depends only on the listed parameters d, . . .. We write f(x) ≈ g(x), or simply
f ≈ g, if there is a constant c ∈ [1,∞) independent of x such that c−1f(x) 6 g(x) 6 cf(x). As
usual a ∧ b = min{a, b} and a ∨ b = max{a, b}. In some proofs we use a short notation of the
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weak lower scaling condition (at infinity), i.e., for φ : (0,∞) → [0,∞] we say that φ satisfies
WLSC(α, θ, c) or φ ∈WLSC(α, θ, c) if there are α ∈ R, θ > 0 and c ∈ (0, 1] such that
φ(λr) > cλαφ(r) , λ > 1 , r > θ .
For a set A ⊆ Rd we denote δ(A) = inf{|y| : y ∈ A} and diam(A) = sup{|y − x| : x, y ∈ Rd}.
Borel sets in Rd will be denoted by B(Rd). A Borel measure ν on Rd is called symmetric if
ν(A) = ν(−A) for every A ∈ B(Rd). For s > 0 let Ψ−1(s) = sup{r > 0: Ψ∗(r) = s} so that
Ψ∗(Ψ−1(s)) = s and Ψ−1(Ψ∗(s)) > s.
2. Preliminaries - functions K and h
In this section we discuss a Le´vy process Y in Rd with a generating triplet (A,N, b). The
following properties are often used without further comment (see also Lemma 6.1).
Lemma 2.1. We have
1. limr→∞ h(r) = limr→∞K(r) = 0,
2. h is continuous and strictly decreasing,
3. r2K(r) and r2h(r) are non-decreasing,
4. λ2K(λr) 6 K(r) and λ2h(λr) 6 h(r), λ 6 1, r > 0,
5.
√
λh−1(λu) 6 h−1(u), λ > 1, u > 0.
6. For all r > 0,∫
|z|>r
N(dz) 6 h(r) and
∫
|z|<r
|z|2N(dz) 6 r2h(r) .
Lemma 2.2. For all 0 < a < b 6∞ we have
h(b)− h(a) = −
∫ b
a
2K(r)r−1 dr .
Proof. It suffices to consider the non-local part for a > 0 and b =∞. By Fubini’s theorem∫ ∞
a
2r−3
∫
|x|<r
|x|2N(dx)dr =
∫
Rd
|x|2
∫ ∞
a∨|x|
2r−3drN(dx) =
∫
Rd
|x|2(a ∨ |x|)−2N(dx) = h(a) .

Lemma 2.3. Let αh ∈ (0, 2], Ch ∈ [1,∞) and θh ∈ (0,∞]. The following are equivalent.
(A1) For all λ 6 1 and r < θh,
h(r) 6 Chλ
αhh(λr) .
(A2) For all λ > 1 and u > h(θh),
h−1(u) 6 (Chλ)1/αh h−1(λu) .
Further, consider
(A3) There is c ∈ (0, 1] such that for all λ > 1 and r > 1/θh,
Ψ∗(λr) > cλαhΨ∗(r) .
(A4) There is c > 0 such that for all r < θh,
h(r) 6 cK(r) .
Then, (A1) gives (A3) with c = 1/(cdCh), cd = 16(1+2d), while (A3) gives (A1) with Ch = cd/c.
(A1) implies (A4) with c = c(αh, Ch). (A4) implies (A1) with αh = 2/c and Ch = 1.
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Proof. We show that (A2) gives (A1). The converse implication is proved in the same manner.
Let u = h(r). Then r < θh is the same as u > h(θh). If λ ∈ (0, C−1/αhh ) we let s = (Chλαh)−1 > 1
and by (A2) we get
h(λr) = h((Chs)
−1/αhh−1(u)) > su = (Chλ
αh)−1h(r) .
If λ ∈ [C−1/αhh , 1], then (Chλαh)−1 6 1 and by the monotonicity of h,
h(λr) > h(r) > (Chλ
αh)−1h(r) .
The equivalence of (A1) and (A3) follows from (1.2). We show the equivalence of (A1) and
(A4). By (A1) we have h(s) 6 1
2
h(λ0s) for s < θh and λ0 = 1/(2Ch)
1/αh < 1. By Lemma 2.2,
K(s) >
2
λ−20 − 1
∫ s
λ0s
r2K(r)
dr
r3
=
1
λ−20 − 1
(h(λ0s)− h(s)) > 1/2
λ−20 − 1
h(λ0s) >
1
λ−20 − 1
h(s).
Conversely, again by Lemma 2.2 we get for 0 < r1 < r2 < θh,
h(r2)− h(r1) 6 −(2/c)
∫ r2
r1
h(s)s−1 ds ,
which implies that h(r)r2/c is non-increasing for r < θh, and ends the proof. 
Lemma 2.4. Assume that for some T, c1, c2 > 0 we have∫
Rd
e−c1tRe[Ψ(z)]dz 6 c2
[
h−1(1/t)
]−d
, t < T .
Then (A1) holds for some αh ∈ (0, 2], Ch ∈ [1,∞) and θh = h−1(1/T ). Moreover, αh and Ch
can be chosen to depend only on d, c1 and c2.
Proof. By (1.2)∫
Rd
e−c1tRe[Ψ(z)]dz >
∫
|z|<1/h−1(2/t)
e−c12t h(1/|z|)dz > e−c12t h(h
−1(2/t))ωd
[
h−1(2/t)
]−d
= e−4c1ωd
[
h−1(2/t)
]−d
.
Thus for c0 = (c2e
4c1/ωd)
1/d we have h−1(1/t) 6 c0h−1(2/t), t < T . Letting c = max{c0,
√
2},
σ = log2(c) and considering 2
n−1 6 λ < 2n, n ∈ N, we get for t < T ,
h−1(1/t) 6 cλσh−1(λ/t) .
The statement follows from Lemma 2.3. 
Note that in Lemma 2.3 and 2.4 we deal with the behaviour of the function h at the origine
(or globaly if θh = ∞ therein). Without proofs we give counterparts for the behaviour at
infinity.
Lemma 2.5. Let αh ∈ (0, 2], ch ∈ (0, 1] and θh ∈ [0,∞). The following are equivalent.
(B1) For all λ > 1 and r > θh,
chλ
αhh(λr) 6 h(r) .
(B2) For all λ 6 1 and u < h(θh),
(chλ)
1/αhh−1(λu) 6 h−1(u) .
Further, consider
(B3) There is c ∈ [1,∞) such that for all λ 6 1 and r < 1/θh,
Ψ∗(λr) 6 cλαhΨ∗(r) .
ESTIMATES OF HEAT KERNELS OF NON-SYMMETRIC LE´VY PROCESSES 6
(B4) There is c > 0 and θ ∈ [0,∞) such that for all r > θ,
h(r) 6 cK(r) .
Then, (B1) gives (B3) with c = cd/ch, cd = 16(1+2d), while (B3) gives (B1) with ch = 1/(cdc).
(B1) implies (B4) with c = c(αh, ch) and θ = (ch/2)
−1/αhθh. (B4) implies (B1) with αh = 2/c,
ch = 1 and θh = θ.
Lemma 2.6. Assume that for some T, c1, c2 > 0 we have∫
Rd
e−c1tRe[Ψ(z)]dz 6 c2
[
h−1(1/t)
]−d
, t > T .
Then (B1) holds for some αh ∈ (0, 2], ch ∈ (0, 1] and θh = h−1(2/T ). Moreover, αh and ch can
be chosen to depend only on d, c1 and c2.
We end this section with a technical comment on (A1) and (B1).
Remark 2.7. If θh < ∞ in (A1), we can stretch the range of scaling to r < R < ∞ at the
expense of the constant Ch. Indeed, by continuity of h, for θh 6 r < R,
h(r) 6 h(θh) 6 Chλ
αhh(λθh) 6 Ch(r/θh)
2λαhh(λr) 6 Ch(R/θh)
2λαhh(λr) .
Similarly, if θh > 0 in (B1), we extend the range to 0 < R < r by reducing the constant ch. We
have for R < r 6 θh,
h(r) > h(θh) > chλ
αhh(λθh) > ch(r/θh)
2λαhh(λr) > ch(R/θh)
2λαhh(λr) .
3. General Le´vy processes
In this section we discuss a Le´vy process Y in Rd with a generating triplet (A,N, b).
3.1. Equivalent conditions - small time. We introduce and comment on seven conditions
(C1)− (C7), which are ubiquitous in the literature. For (C2) and (C5) see [52, 31, 55], for (C3)
see [5], and for (C4) see [37, 36].
Theorem 3.1. Let Y be a Le´vy process. The following are equivalent.
(C1) The density p(t, x) of Yt exists and there are T1 ∈ (0,∞], c1 > 0 such that for all t < T1,
sup
x∈Rd
p(t, x) 6 c1
[
h−1(1/t)
]−d
.
(C2) There are T2 ∈ (0,∞], c2 > 0 such that for all t < T2,∫
Rd
e−tRe[Ψ(z)]dz 6 c2
[
h−1(1/t)
]−d
.
(C3) There are T3 ∈ (0,∞], c3 ∈ (0, 1] and α3 ∈ (0, 2] such that for all |x| > 1/T3,
c3Ψ
∗(|x|) 6 Re[Ψ(x)] and Ψ∗(λr) > c3λα3Ψ∗(r) , λ > 1, r > 1/T3 .
(C4) There are T4 ∈ (0,∞], c4 ∈ [1,∞) such that for all |x| > 1/T4,
Ψ∗(|x|) 6 c4
(
〈x,Ax〉 +
∫
|〈x,z〉|<1
| 〈x, z〉 |2N(dz)
)
.
Moreover, if Ti =∞ for some i = 1, . . . , 4, then Ti =∞ for all i = 1, . . . , 4.
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Proof. (C2) =⇒ (C1). Follows immediately by the inverse Fourier transform.
(C1) =⇒ (C2). Note that p(t/2, ·) ∈ L1(Rd) ∩ L∞(Rd) ⊂ L2(Rd) for every t > 0. Thus
e−(t/2)Ψ(·) ∈ L2(Rd) or equivalently |e−(t/2)Ψ(·)|2 = e−tRe[Ψ(·)] ∈ L1(Rd). In particular, p(t, ·) ∈
C0(R
d) holds by the Riemann–Lebesgue lemma. Now, let Z = Y 1 − Y 2, where Y 1 and Y 2
are two indepndent copies of Y . Then Z has 2Re[Ψ(x)] as the characteristic exponent and a
density pZ(t, ·) ∈ C0(Rd) such that for all x ∈ Rd,
pZ(t, x) =
∫
Rd
p(t, x− y)p(t, y) dy = (2pi)−d
∫
Rd
e−i〈x,z〉e−2tRe[Ψ(z)] dz .
Consequently, we get for t < T1∫
Rd
e−(2t) Re[Ψ(z)] dz 6 c1
[
h−1(1/t)
]−d
= c1
[
h−1(2/(2t))
]−d
,
and the statement follows by Lemma 2.4 and 2.3 with c2 = c2(d, c1) and T2 = T1/2.
(C2) =⇒ (C4). The case of d = 1 is simpler and follows from Lemma 2.4, (A4) and (1.2).
We focus on d > 2. For x 6= 0 let v = x/|x| and Π1z = 〈v, z〉 v be a projection on the linear
subspace V = {λv : λ ∈ R} of Rd. We consider a projection Z1 = Π1Y of the Le´vy process Y
on V and the corresponding objects Ψ1, K1 and h1. By [51, Proposition 11.10],
Ψ1(z) =Ψ(Π1z) , z ∈ Rd ,
K1(r) = r
−2‖Π1AΠ1‖+ r−2
∫
|Π1z|<r
|Π1z|2N(dz) ,
h1(r) = r
−2‖Π1AΠ1‖+
∫
Rd
(
1 ∧ |Π1z|
2
r2
)
N(dz) .
Note that
K1(1/|x|) = 〈x,Ax〉 +
∫
|〈x,z〉|<1
| 〈x, z〉 |2N(dz) .
Therefore it suffices to show that for all r < T4 (see (1.2)),
2 h(r) 6 c4K1(r) ,(3.1)
with c4 > 0 independent of the choice of x, or equivalently of the choice of the projection Π1.
Similarly, we define Z2 = Π2Y and we get Ψ2, K2 and h2 for a projection Π2 on the linear
subspace V ⊥ = {y ∈ Rd : 〈y, v〉 = 0}. We let {v, v2, . . . , vd} to be an orthonormal basis (with
the usual scalar product) such that v2, . . . , vd ∈ V ⊥. Then x = ξv + ξ2v2 + . . . + ξdvd, where
ξ ∈ R, ξ¯ = (ξ2, . . . , ξd) ∈ Rd−1, and we write x = (ξ, ξ¯). Since Re[Ψ(x)] is a characteristic
exponent we have by [3, Proposition 7.15] that√
Re[Ψ(ξ, ξ¯)] 6
√
Re[Ψ(ξ, 0)] +
√
Re[Ψ(0, ξ¯)] =
√
Re[Ψ1(ξ, 0)] +
√
Re[Ψ2(0, ξ¯)] .
Thus Re[Ψ(ξ, ξ¯)] 6 2Re[Ψ1(ξ, 0)] + 2Re[Ψ2(0, ξ¯)]. In particuliar, see (3.2), both Ψ1 and Ψ2 are
unbounded, so Z1 and Z2 are not compound Poisson processes (with drift), therefore h1 and
h2 are unbounded and strictly decreasing. Further, by (1.2) for t < T2,
c2
[
h−1(1/t)
]−d
>
∫
Rd
e−tRe[Ψ(z)]dz >
(∫
R
e−2tRe[Ψ1(ξ,0)]dξ
)(∫
Rd−1
e−2tRe[Ψ2(0,ξ¯)]dξ¯
)
(3.2)
>
(∫
|ξ|<1/h−11 (1/t)
e−4t h1(1/|ξ|)dξ
)(∫
|ξ¯|<1/h−12 (1/t)
e−4t h2(1/|ξ¯|)dξ¯
)
> e−8ωd−1
[
h−11 (1/t)
]−1 [
h−12 (1/t)
]−(d−1)
.
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Directly from the definition we have h2 6 h, which implies h
−1
2 6 h
−1 and with the above gives
h−1(u) 6 c0 h−11 (u) , u > 1/T2 ,
with c0 = max{1, (c2e8/ωd−1)}. This implies by monotonicity of r2h1(r) that
h(r) 6 h1(r/c0) 6 c
2
0 h1(r) , r < h
−1(1/T2) .
By Lemma 2.4 h satisfies (A1) with some αh = αh(d, c2), Ch = Ch(d, c2) and θh = h
−1(1/T2).
Consequently, since h1 and h are comparable (h1 6 h always holds), h1 satisfies (A1) with αh,
c20Ch and θh. Lemma 2.3 for h1 assures (3.1) with c4 = c4(d, c2) and T4 = h
−1(1/T2).
(C4) =⇒ (C3). Note that 1 − cos(r) > (1 − cos(1))r2 for |r| < 1. Thus, together with the
assumption we have for |x| > 1/T4,
Re[Ψ(x)] > 〈x,Ax〉 + (1− cos(1))
∫
|〈x,z〉|<1
| 〈x, z〉 |2N(dz) > 1− cos(1)
c4
Ψ∗(|x|) .
It remains to show that Ψ∗ ∈ WLSC, or equivalently that (A1) holds for h. We take v ∈ Rd
such that |v| = 1 and we let Π1 to be a projection on the linear subspace V = {λv : λ ∈ R}
of Rd. We consider a projection Z1 = Π1Y of the Le´vy process Y on V and the corresponding
objects K1 and h1. Note that for r > 0,
K1(r) = 〈(v/r), A(v/r)〉+
∫
|〈(v/r),z〉|<1
| 〈(v/r), z〉 |2N(dz) .
and therefore by (1.2) and our assumption for r < T4,
h1(r) 6 h(r) 6 c48(1 + 2d)K1(r) 6 c48(1 + 2d)h1(r) .
Using Lemma 2.3 we get (A1) for h1 with αh1 = αh1(d, c4), Ch1 = 1 and θh1 = T4. Since h1
and h are comparable we conclude (A1) for h. Finally, the result holds with α3 = α3(d, c4),
c3 = c3(d, c4) and T3 = T4.
(C3) =⇒ (C2). By (1.2) and our assumption Re[Ψ(x)] > c[h(1/|x|)−h(T3)] for all x ∈ Rd with
c = c(d, c3) 6 1. Next, by Lemma 2.3 (A1) holds with αh = α3, θh = T3 and Ch = cd/c3, cd =
16(1 + 2d). In particular, h−1(1/(ct)) > (cc3/cd)1/α3h−1(1/t) for t < 1/h(T3). Further, h(1/r)
is increasing and satisfies WLSC(α3, 1/T3, c3/cd). Then by [5, Lemma 16] for t < 1/h(T3),∫
Rd
e−tRe[Ψ(z)]dz 6 ecth(T3)
∫
Rd
e−ct h(1/|z|)dz 6 Cecth(T3)
[
h−1(1/(ct))
]−d
6 c2
[
h−1(1/t)
]−d
.
To sum up, (C2) holds with c2 = c2(d, α3, c3) and T2 = 1/h(T3). 
From the next result we see that (C2) implies an apparently stronger condition (C5).
Lemma 3.2. The conditions of Theorem 3.1 are equivalent with
(C5) There is T5 ∈ (0,∞] such that for some (every) m ∈ N there is c5 > 0 and for all t < T5,∫
Rd
|z|me−tRe[Ψ(z)] dz 6 c5
[
h−1(1/t)
]−d−m
.
Moreover, (C3) implies (C5) with c5 = c5(d,m, α3, c3) and T5 = 1/h(T3).
Proof. First we show that (C3) gives (C5) for every m ∈ N. By (1.2) and our assumption
there is c = c(d, c3) 6 1 such that for all t > 0,∫
Rd
|z|me−tRe[Ψ(z)] dz 6 ecth(T3)
∫
Rd\{0}
|z|me−ct h(1/|z|) dz = ecth(T3)ωd
∫ ∞
0
e−ct h(1/r)rm+d−1 dr
= ecth(T3)
ωd
ωm+d
∫
Rm+d\{0}
e−ct h(1/|ξ|) dξ .
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Let cd = 16(1 + 2d). By Lemma 2.3 h(1/r) satisfies WLSC(α3, 1/T3, c3/cd) and h
−1(1/(ct)) >
(cc3/cd)
1/α3h−1(1/t) for t < 1/h(T3). By [5, Lemma 16] for all t < 1/h(T3),∫
Rm+d\{0}
e−ct h(1/|ξ|) dξ 6 C
[
h−1(1/(ct))
]−d−m
6 c5
[
h−1(1/t)
]−d−m
.
Here c5 = c5(d,m, α3, c3). It remains to prove that if (C5) holds for some m ∈ N, then (C2)
also holds. Indeed, (C2) follows by∫
Rd
e−tRe[Ψ(z)] dz 6
∫
|z|61/h−1(1/t)
dz +
[
h−1(1/t)
]m ∫
|z|>1/h−1(1/t)
|z|me−tRe[Ψ(z)] dz.

Observe that for all r1, r2 > 0 we have
|br1 − br2 | 6
∫
r1∧r26|z|<r1∨r2
|z|N(dz) 6 (r1 ∨ r2)h(r1 ∧ r2) .(3.3)
Lemma 3.3. The conditions of Theorem 3.1 imply that
(CI) The density p(t, x) of Yt exists and there are T ∈ (0,∞], c ∈ [1,∞) such that for every
t < T there exists |xt| 6 ch−1(1/t) so that for every |y| 6 (1/c)h−1(1/t),
p(t, y + xt + tb[h−1(1/t)]) > (1/c)
[
h−1(1/t)
]−d
.
Moreover, (C3) implies (CI) with c = c(d, α3, c3) and T = 1/h(T3/c). If T3 <∞ in (C3), then
(CI) holds for every T > 0 with c = c(d, α3, c3, T3, T, h).
Proof. We note that there is a0 = a0(d, α3, c3) > 1 such that for λ := a0h
−1(1/t) < T3 we have
P(|Yt − tbλ| > λ) 6 1/2. Indeed, by [49] there is c = c(d) such that for r = λ,
P(|Yt − tbλ| > r) 6 ct
(
r−1
∣∣∣∣(b− bλ) + ∫
Rd
z
(
1|z|<r − 1|z|<1
)
N(dz)
∣∣∣∣ + h(r)) = cth(r) ,
and applying Lemma 2.3 we get h(r) = h(λ) 6 (cd/c3)a
−α3
0 h(λ/a0) = (cd/c3)a
−α3
0 t
−1. Then
1/2 6 1− P(|Yt − tbλ| > λ) =
∫
|x−tbλ|<λ
p(t, x) dx 6 ωd λ
d sup
|x|<λ
[
p(t, x+ tbλ)
]
.
Therefore, by the continuity of p, whenever λ < T3, then there exists |ξt| 6 λ such that p(t, ξt+
tbλ) > 1/(2ωd) λ
−d. Further, by (C5) there is c5 = c5(d, α3, c3) such that supx∈Rd |∇xp(t, x)| 6
c5/(2ωd) λ
−d−1 for every t < 1/h(T3). This gives for λ < T3 and |y| 6 1/(2c5) λ,
p(t, ξt + tbλ + y) > p(t, ξt + tbλ)− |y| sup
x∈Rd
|∇xp(t, x)| > 1/(4ωd) λ−d.
Finally, for every t < 1/h(T3/a0), xt = ξt + t(bλ − b[h−1(1/t)]) and every |y| 6 a0/(2c5) h−1(1/t),
p(t, xt + tb[h−1(1/t)] + y) = p(t, ξt + tbλ + y) > 1/(4ωd)
[
a0h
−1(1/t)
]−d
.
Note that |xt| 6 2a0h−1(1/t), because by (3.3) we have t|bλ− b[h−1(1/t)]| 6 λ. Now we prove the
last sentence of the statement. It suffices to show that if (CI) hods with T > 0 and c > 1, then
it also holds with 2T and a modified c, where the modificaton depends only on d, α3, c3, T3, T, h.
Let t < 2T and xt = 2xt/2 − tb[h−1(1/t)] + tb[h−1(2/t)]. Then by Chapman-Kolmogorov equation,
p(t, y + xt + tb[h−1(1/t)])
>
∫
|z|<(1/c)h−1(2/t)
p(t/2, y − z + xt/2 + (t/2)b[h−1(2/t)]) p(t/2, z + xt/2 + (t/2)b[h−1(2/t)]) dz
>
∫
|z|<(1/c)h−1(2/t)
p(t/2, y − z + xt/2 + (t/2)b[h−1(2/t)]) dz (1/c)
[
h−1(2/t)
]−d
.
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By Lemma 2.3 and the monotonicity of h−1 there is c˜ = c˜(α3, c3, T3, T, h) such that h−1(u) 6
c˜h−1(2u), u > 1/(2T ). Then for |y| 6 1/(2cc˜) h−1(1/t) and |z| < 1/(2c) h−1(2/t) we have
|y − z| 6 (1/c)h−1(2/t), thus∫
|z|<(1/c)h−1(2/t)
p(t/2, y − z + xt/2 + (t/2)b[h−1(2/t)]) dz > (1/c)ωd(2c)−d.
Note that |xt| 6 2(c+ 1)h−1(1/t) by the bound of |xt/2| and (3.3). The proof is complete. 
Here are two consequences of merging Lemma 3.3 with the condition (C1) (note that (C6)
implies (C1) by integrating over a ball of radius (1/c6)h
−1(1/t)).
Corollary 3.4. The conditions of Theorem 3.1 are equivalent with
(C6) The density p(t, x) of Yt exists and there are T6 ∈ (0,∞], c6 ∈ [1,∞) such that for every
t < T6 there exists |xt| 6 c6h−1(1/t) so that for every |y| 6 (1/c6)h−1(1/t),
p(t, y + xt + tb[h−1(1/t)]) > (1/c6) sup
x∈Rd
p(t, x) .
Moreover, (C3) implies (C6) with c6 = c6(d, α3, c3) and T6 = 1/h(T3/c6). If T3 < ∞ in (C3),
then (C6) holds for every T6 > 0 with c6 = c6(d, α3, c3, T3, T6, h).
The next corollary gives another connection with the existing literature, cf. [37, Theorem 2.1].
It is also an apparent reinforcement of (C1).
Corollary 3.5. The conditions of Theorem 3.1 are equivalent with
(C7) The density p(t, x) of Yt exists and there are T7 ∈ (0,∞], c7 ∈ [1,∞) such that for all
t < T7,
c−17
[
h−1(1/t)
]−d
6 sup
x∈Rd
p(t, x) 6 c7
[
h−1(1/t)
]−d
.
Moreover, (C3) implies (C7) with c7 = c7(d, α3, c3) and T7 = 1/h(T3/c7). If T3 < ∞ in (C3),
then (C7) holds for every T7 > 0 with c7 = c7(d, α3, c3, T3, T7, h).
3.2. Equivalent conditions - large time. Our next result resembles Theorem 3.1, except
that here we analyse the density for large time. The main difference is that in the third and the
fourth condition below we add a priori that from some point in time onwards the characteristic
function is absolutely integrable.
Theorem 3.6. Let Y be a Le´vy process. The following are equivalent.
(D1) There are T1, c1 > 0 such that the density p(t, x) of Yt exists for all t > T1 and
sup
x∈Rd
p(t, x) 6 c1
[
h−1(1/t)
]−d
.
(D2) There are T2, c2 > 0 such that for all t > T2,∫
Rd
e−tRe[Ψ(z)]dz 6 c2
[
h−1(1/t)
]−d
.
(D3) There are T3 > 0, c3 ∈ (0, 1] and α3 ∈ (0, 2] such that for all |x| < 1/T3,
c3Ψ
∗(|x|) 6 Re[Ψ(x)] and Ψ∗(λr) 6 (1/c3)λα3Ψ∗(r), λ 6 1, r < 1/T3 .
We have e−t0Ψ ∈ L1(Rd) for some t0 > 0.
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(D4) There are T4 > 0, c4 ∈ [1,∞) such that for all |x| < 1/T4,
Ψ∗(|x|) 6 c4
(
〈x,Ax〉 +
∫
|〈x,z〉|<1
| 〈x, z〉 |2N(dz)
)
.
We have e−t0Ψ ∈ L1(Rd) for some t0 > 0.
Proof. (D2) =⇒ (D1) is direct. (D1) =⇒ (D2) with c2 = c2(d, c1) and T2 = 4T1, (D2) =⇒
(D4) with c4 = c4(d, c2) and T4 = c(d, c2)h
−1(1/T2), and (D4) =⇒ (D3) with α3 = α3(d, c4),
c3 = c3(d, c4) and T3 = T4, by proofs similar to that of Theorem 3.1, where Lemma 2.3 and 2.4
are replaced by Lemma 2.5 and 2.6. Details are omitted. We prove that (D3) =⇒ (D2).
By (1.2) and our assumption there is c = c(d, c3) such that∫
Rd
e−tRe[Ψ(z)]dz 6
∫
|z|<1/T3
e−ct h(1/|z|)dz +
∫
|z|>1/T3
e−tRe[Ψ(z)]dz =: I1 + I2 .
Now, define
h˜(r) =
{
r−α3T α33 h(T3) r 6 T3 ,
h(r) r > T3 .
It’s not hard to verify that the function f(r) = h˜(1/r) satisfies WLSC(α3, 0, c3/cd) and therefore
by [5, Lemma 16],
I1 6
∫
Rd
e−ct f(|z|) dz 6 c˜
[
f−1(1/t)
]d
= c˜
[
h˜−1(1/t)
]−d
= c˜
[
h−1(1/t)
]−d
, t > 1/h(T3) .
Next, for t > 2t0 we have
I2 =
∫
|z|>1/T3
e−tRe[Ψ(z)]dz 6 inf
|z|>1/T3
(
e−(t/2)Re[Ψ(z)]
) ∫
Rd
e−t0 Re[Ψ(z)] dz .
Since e−t0Ψ ∈ L1(Rd), then p(t0, x) exists. Thus by Riemann-Lebesgue lemma e−t0Ψ ∈ C0(Rd).
In particular, lim|x|→∞Re[Ψ(x)] =∞. The latter implies that Re[Ψ(x)] 6= 0 if x 6= 0 (otherwise
we would have Re[Ψ(kx)] = 0 for some x 6= 0 and all k ∈ N). Then by continuity of Ψ(x),
inf
|z|>1/T3
(
e−(t/2)Re[Ψ(z)]
)
=
(
e− inf|z|>1/T3 (1/2)Re[Ψ(z)]
)t
= ct0 , where c0 ∈ (0, 1) .
Finally, ct0 is bouded up to multiplicative constant by [h
−1(1/t)]−d (see (B2)). This ends the
proof. 
4. Lower bounds under (C3)
In this section we discuss a Le´vy process Y in Rd with a generating triplet (A,N, b). First
we concentrate on the case with non-zero Gaussian part.
Lemma 4.1. We have det(A) 6= 0 if and only if (C3) holds and A 6= 0. If det(A) 6= 0 and∫
Rd
|x|2N(dx) <∞, then (C3) holds with T3 =∞.
Proof. We first prove that under (C3) the condition A 6= 0 implies det(A) 6= 0. Indeed, if that
was not the case we would have Ax = 0 for some |x| = 1 and then by (1.2) with cd = 16(1+2d),
c3h(r)r
2 6 (cd/2)Re[Ψ(x/r)]r
2 = (cd/2)r
2
∫
Rd
(
1− cos(〈x/r, z〉))N(dz)
6 cd
∫
Rd
(
r2 ∧ |z|2)N(dz) ,
which leads to a contradiction since the latter tends to zero as r → 0+. On the other hand,
if det(A) 6= 0, since A is non-negative definite, there is c > 0 such that 〈x,Ax〉 > c|x|2. We
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also have ‖A‖ 6 h(r)r2 6 h(R)R2 =: κ for r < R, thus Re[Ψ(x)] > 〈x,Ax〉 > (c/κ)h(1/|x|)
for |x| > 1/R and h satisfies (A1) with θh = R. Then (C3) holds with T3 = R by (1.2) and
Lemma 2.3. If additionally
∫
Rd
|x|2N(dx) <∞, the above is true with κ = ‖A‖+ ∫
Rd
|x|2N(dx)
and R =∞. 
Proposition 4.2. Assume that (C3) holds and A 6= 0. Then for all T, θ > 0 there is c˜ =
c˜(d, A,N, T, θ) > 0 such that for all 0 < t < T and |x| 6 θ√t,
p(t, x+ tb√t) > c˜ t
−d/2 .
If additionally
∫
Rd
|x|2N(dx) <∞, then we can take T =∞ with c˜ > 0.
Proof. We consider two Le´vy processes Z1 and Z2 that correspond to (1
2
A,N, b) and (1
2
A, 0, 0),
respectively. By Lemma 4.1 the condition (C3) holds for Ψ1. Lemma 3.3 assures that there is
a constant c = c(d, A,N, T ) > 1 such that for every t < T there is |xt| 6 ch−11 (1/t) so that
for every |y| 6 (1/c)h−11 (1/t) we have p1(t, y + xt + tb[h−11 (1/t)]) > (1/c)
[
h−11 (1/t)
]−d
. Since
Ψ = Ψ1 +Ψ2 we get
p(t, x+ tb√t) =
∫
Rd
p1(t, x+ tb√t − z)p2(t, z) dz
=
∫
Rd
p1(t, y + xt + tb[h−11 (1/t)])p2(t, σt − y) dy
> (1/c)
[
h−11 (1/t)
]−d
P(|Z2t − σt| 6 (1/c)h−11 (1/t)) ,
where σt := x− xt + tb√t − tb[h−11 (1/t)]. Now, for r 6 R := h
−1
1 (1/T ) we have
1
2
‖A‖ 6 h1(r)r2 6
h1(R)R
2 =:κ, which by putting r = h−11 (1/t), implies for t < 1/h1(R) = T ,
1/κ 6 t/[h−11 (1/t)]
2 6 2/‖A‖ .
By (3.3) we get for t < T that
t|b√t − b[h−11 (1/t)]| 6 (1 ∨ κ)(1 ∨ (2/‖A‖)
1/2)h−11 (1/t) and |x| 6 θ(2/‖A‖)1/2 h−11 (1/t) .
Thus |σt| 6 m1h−11 (1/t) with m1 = m1(d, A,N, T, θ). Note that by Lemma 4.1 the density of
Z2t equals p2(t, x) = (2pit)
−d/2(det(A))−1/2 exp {− 〈x,A−1x〉 /(2t)}. Then
P(|Z2t − σt| 6 (1/c)h−11 (1/t)) =
∫
|z−σt/h−11 (1/t)|61/c
p2(t/[h
−1
1 (1/t)]
2, z) dz
> inf
|y|6m1
∫
|z−y|61/c
(2κ/‖A‖)−d/2 p2(1/κ, z) dz = m2 > 0 .
Eventually, for all t < T and |x| 6 θ√t,
p(t, x+ tb√t) > (m2/c)
[
h−11 (1/t)
]−d
> (m2/c)(‖A‖/2)1/2 t−d/2 .
If
∫
Rd
|x|2N(dx) <∞, the above is valid for all t > 0 with κ = ‖A‖/2 + ∫
Rd
|x|2N(dx). 
We focus on the case without Gaussian part and we engage a symmetric Le´vy measure νs(dx).
The next result can be viewed as a non-local counterpart of Proposition 4.2, where the (sym-
metric) Gaussian part dominates locally or globally in time. Due to applications the assump-
tions and the claim are stated by means of Ψs and hs that correspond to the generating
triplet (0, νs, 0). The result extends part of [31, Theorem 2] and in our setting improves [37,
Theorem 2.3], [36, Theorem 1]. To some extent the proof is motivated by the ideas of [48].
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Theorem 4.3. Assume that (C3) holds and A = 0. Suppose there is a1 ∈ (0, 1] such that
a1 νs(dx) 6 N(dx) ,
and a2 ∈ [1,∞) such that for every |x| > 1/T3,
Re[Ψ(x)] 6 a2Re[Ψs(x)] .
Then for all T, θ > 0 there is a constant c˜ = c˜(d, α3, c3, T3, a1, a2, νs, T, θ) > 0 such that for all
0 < t < T and |x| 6 θh−1s (1/t),
p(t, x+ tb[h−1s (1/t)]) > c˜
[
h−1s (1/t)
]−d
.
If T3 =∞, then we can take T =∞ with c˜ > 0.
Proof. We start by decomposing the Le´vy process Y . For λ > 0 we consider the following
Le´vy measures
N1.λ(dx) := N(dx)− a1
2
νs|Bλ(dx) , N2.λ(dx) :=
a1
2
νs|Bλ(dx) .
We let Z1.λ and Z2.λ to be Le´vy processes with generating triplets (0, N1.λ, b) and (0, N2.λ, 0),
respectively. By analogy we write Ψ1.λ, h1.λ, p1.λ and Ψ2.λ, h2.λ, p2.λ. Observe that for x ∈ Rd,
a1
2
Re[Ψs(x)] 6
1
2
Re[Ψ(x)] 6 Re[Ψ1.λ(x)] 6 Re[Ψ(x)] .
Further, for |x| > 1/T3 we get
a1Ψ
∗
s(|x|) 6 Ψ∗(|x|) 6 (1/c3)Re[Ψ(x)] 6 (a2/c3)Re[Ψs(x)] 6 (a2/c3)Ψ∗s(|x|) .
We also have
a1hs(r) 6 h(r) , r > 0 ,
and by (1.2), with cd = 16(1 + 2d),
h(r) 6 a2(cd/c3)hs(r) , r < T3 .
Claim: For every θ > 0 there are a0 = a0(d, α3, c3, a2) and c˜1 = c˜1(d, α3, c3, T3, a1, a2, νs, θ) > 0
such that for all t < 1/hs(T3/a0) and |x| 6 θh−1s (1/t),
p(t, x+ tb[h−1s (1/t)]) > c˜1
[
h−1s (1/t)
]−d
.
If T3 =∞, we also have c˜1 > 0.
The proof of the Claim consists of Steps 1.-9. In Steps 1.-4. we analyse the density p1.λ(t, x)
of Z1.λt and we specify λ for the whole proof. In Steps 5.-8. we concentrate on Z2.λ. Finally in
Step 9. we combine the results of previous steps. Before we start, we note that br for Y and
Z1.λ coincide (see (1.1)).
Step 1. There is a constant a0 = a0(d, α3, c3, a2) > 1 such that for λ := a0h
−1
s (1/t) < T3,
P(|Z1.λt − tbλ| > λ) 6 1/2 .
Indeed, by [49] there is c = c(d) such that for r = λ,
P(|Z1.λt − tbλ| > r) 6 ct
(
r−1
∣∣∣∣(b− bλ) + ∫
Rd
z
(
1|z|<r − 1|z|<1
)
N1.λ(dz)
∣∣∣∣ + h1.λ(r))
= cth1.λ(r) 6 cth(r) .
Applying Lemma 2.3 we get
h(r) 6 (cd/c3)a
−α3
0 h(r/a0) 6 a2(cd/c3)
2a−α30 hs(r/a0) = a2(cd/c3)
2a−α30 t
−1 .
Now, the inequality follows with a0 = (2ca2(cd/c3)
2)1/α3 .
Step 2. We note that for λ < T3 there exists |x¯t| 6 λ such that
p1.λ(t, x¯t + tbλ) > 1/(2ωd) λ
−d .
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It clearly follows from the continuity of p1.λ and
1/2 6 1− P(|Z1.λt − tbλ| > λ) =
∫
|x−tbλ|<λ
p1.λ(t, x) dx 6 ωd λ
d sup
|x|<λ
[
p1.λ(t, x+ tbλ)
]
.
Step 3. We claim that there exists a constant cst3 = cst3(d, α3, c3, a1, a2) such that for every
t < 1/hs(T3) we have
sup
x∈Rd
|∇xp1.λ(t, x)| 6 cst3/(2ωd) λ−d−1 .
For the proof we first observe that Ψs satisfies (C3) with Ts = T3, cs = (c
2
3a1)/a2 and αs = α3.
Then by (C5) there is a constant c′s = c
′
s(d, αs, cs) such that for every t < 1/hs(Ts),∫
Rd
|z|e−tRe[Ψ1.λ(z)] dz 6
∫
Rd
|z|e−(a1/2)tRe[Ψs(z)] dz 6 c′s
[
h−1s (2/(a1t))
]−d−1
6 c′s
[
(a1cs/(2cd))
1/αsh−1s (1/t)
]−d−1
.
The last inequality follows from Lemma 2.3.
Step 4. We prove that there is a constant cst4 = cst4(d, α3, c3, a1, a2) such that for λ < T3,
inf
|y|6cst4λ
[
p1.λ(t, y + x¯t + tbλ)
]
> 1/(4ωd) λ
−d .
Indeed, by Step 2. and Step 3. we have for every |y| 6 1/(2cst3) λ,
p1.λ(t, y + x¯t + tbλ) > p1.λ(t, x¯t + tbλ)− |y| sup
x∈Rd
|∇xp1.λ(t, x)| > 1/(4ωd) λ−d .
Step 5. We show here that there is a constant cst5 = cst5(d, α3, c3, a1, a2) > 1 such that for
λ < T3 and every |x| > cst5λ−1,
Re[Ψs(x)] 6 cst5Re[Ψ2.λ(x)] .
First, we observe that
Re[Ψs(x)] = (2/a1)Re[Ψ2.λ(x)] +
∫
|z|>λ
(
1− cos(〈x, z〉))νs(dz)
6 (2/a1)Re[Ψ2.λ(x)] + 2hs(λ) .
Using (1.2) and WLSC of Ψ∗s, for |x| > 1/λ > 1/Ts we have
2hs(λ) 6 cdΨ
∗
s(1/λ) 6 (cd/cs)(|x|λ)−αsΨ∗s(|x|) 6
(
a2cd
a1c3cs
)
(|x|λ)−αsRe[Ψs(x)] .
Finally, we choose cst5 such that 2hs(λ) 6 (1/2)Re[Ψs(x)], which ends the proof of the claim.
Step 6. Given r1 > 0 we define the following family of infinitely divisible probability measures,
X = X (T3, νs, a0, r1) = {µ : µ is the distribution of Z2.λt /λ+ y for
some λ := a0h
−1
s (1/t) < T3 and |y| 6 r1} .
We claim that there is a constant cst6 = cst6(d, α3, c3, a1, a2) such that for every µ ∈ X (T3, νs, a0, r1),∫
Rd
|µ̂(z)| dz 6 cst6 .
The characteristic exponent of µ equals −i 〈x, y〉 + tΨ2.λ(x/λ). Then by (C3) for Ψs we have
for λ < T3,∫
Rd
|µ̂(z)| dz =
∫
Rd
e−tRe[Ψ2.λ(z/λ)] dz = λd
∫
Rd
e−tRe[Ψ2.λ(z)] dz
6 λd
∫
|z|6cst5λ−1
dz + λd
∫
Rd
e−(t/cst5)Re[Ψs(z)] dz
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6 ωdc
d
st5 + csλ
d
[
h−1s (cst5/t)
]−d
6 ωdc
d
st5 + csa
d
0(cst5cd/cs)
d/αs .
The last inequality follows from Lemma 2.3.
Step 7. We justify that the family X (T3, νs, a0, r1) is tight. By [49] we have for c = c(d), every
µ ∈ X (T3, νs, a0, r1) and R > 1 + r1,
µ(BcR) = P(|Z2.λt /λ+ y| > R) 6 P(|Z2.λt | > (R− r1)λ) 6 cth2.λ((R− r1)λ)
= ct(a1/2)
∫
|z|<λ
(
1 ∧ |z|
2
(R− r1)2λ2
)
νs(dz) = ct(a1/2)(R− r1)−2
∫
|z|<λ
(|z|2/λ2) νs(dz)
6 ct(a1/2)(R− r1)−2hs(λ) 6 c(a1/2)(R− r1)−2 .
Step 8. We show that for every r1, r2 > 0,
inf
µ∈X
µ(Br2) = cst8 > 0 ,
and cst8 = cst8(T3, νs, a0, r1, r2). Let µn be a sequence realizing the infimum. By Prokhorov’s
theorem we can assume that µn converges weakly to a probability measure µ0. Thus
inf
µ∈X
µ(Br2) > µ0(Br2) .
Moreover, µ0 is infinitely divisible (see [51, Theorem 8.7]) and absolutely continuous with
respect to the Lebesgue measure with a continuous bounded density g0(x). The latter follows
from [51, Proposition 2.5(xii) and (vi)], Fatou’s lemma and∫
Rd
|µ̂0(z)| dz 6 cst6 .
Let yn be such that µn is the distribution of Z
2.λ
t /λ + yn. Since |yn| 6 r1, by choosing a
subsequent, we can assume that yn converges to y0. Then µ˜0(dx) = µ0(dx+ y0) is a symmetric
infinitely divisible probability measure, as a weak limit of symmetric µn(dx + yn), with a
continuous symmetric density g˜0(x) = g0(x+ y0) and hence
sup
x∈Rd
g˜0(x) = g˜0(0) > g˜0(x) > ε ,
for all |x| 6 ε and sufficiently small ε > 0. Since the support of µ˜0(dx) is a group (see [7]),
then it has to equal to Rd. Therefore µ0(Br2) = µ˜0(Br2 − y0) > 0.
Step 9. Note that Ψ = Ψ1.λ+Ψ2.λ. Therefore, for λ < T3 and σt := x− x¯t+ tb[h−1s (1/t)] − tbλ we
have
p(t, x+ tb[h−1s (1/t)]) =
∫
Rd
p1.λ(t, x+ tb[h−1s (1/t)] − z)p2.λ(t, z) dz
=
∫
Rd
p1.λ(t, y + x¯t + tbλ)p2.λ(t, σt − y) dy
>
∫
|y|6cst4λ
1/(4ωd) λ
−d p2.λ(t, σt − y) dy
> 1/(4ωd) λ
−d
P(|Z2.λt − σt| 6 cst4λ) .
We also have |σt| 6 m1λ, where m1 = θ/a0+1+a2(cd/c3), because (3.3) gives |tb[h−1s (1/t)]−tbλ| 6
tλh(h−1s (1/t)) 6 a2(cd/c3)λ. Then, with r1 = m1 in the definition of X , for all t < 1/hs(T3/a0)
and |x| 6 θh−1s (1/t) we have
p(t, x+ tb[h−1s (1/t)]) > 1/(4ωd)
[
a0h
−1
s (1/t)
]−d
inf
µ∈X
µ(Bcst4) .
The Claim follows from Step 8.
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We prove the final statement. We only have to consider the case T3 < ∞ in (C3). Let
t0 = (1/2)/hs(T3/a0) with a0 = a0(d, α3, c3, a2) > 1 taken from the Claim. It suffices to
examine t ∈ [kt0, (k + 1)t0), k ∈ N. For k = 1 the statement holds by the Claim. We show by
induction that the statement is true for all k > 2. By Chapman-Kolmogorov equation we have
for x¯ := x+ tb[h−1s (1/t)] − t0b[h−1s (1/t0)] − (t− t0)b[h−1s (1/(t−t0))],
p(t, x+ tb[h−1s (1/t)])
>
∫
|y|<h−1s (1/t0)
p(t− t0, y + (t− t0)b[h−1s (1/(t−t0))]) p(t0, x¯− y + t0b[h−1s (1/t0)]) dy .
In what follows we find the upper bound of |x¯− y|. By (3.3) and t0 6 t− t0 we have
|tb[h−1s (1/t)] − t0b[h−1s (1/t0)] − (t− t0)b[h−1s (1/(t−t0))]|
= |(t− t0)(b[h−1s (1/t)] − b[h−1s (1/(t−t0))]) + t0(b[h−1s (1/t)] − b[h−1s (1/t0)])|
6 h−1s (1/t)
[
(t− t0)h(h−1s (1/(t− t0))) + t0h(h−1s (1/t0))
]
6 h−1s (1/t) th(h
−1
s (1/t0)) 6 h
−1
s (1/t)(k + 1)a2(cd/c3) .
We note that by Lemma 2.3 and the comparability of h and hs, (A1) holds for hs with αhs = α3,
θhs = T3 and Chs = a2(cd/c3)
2/a1. We extend this scaling as in Remark 2.7 using R :=
h−1s (1/[(k + 1)t0]). Then (A1) holds for hs with αhs = α3, θ˜hs = R and C˜hs (resulting from the
extension). In particuliar, 1/t > hs(θ˜hs) and by Lemma 2.3,
h−1s (1/t) 6 (C˜hst/t0)
1/αhsh−1s (1/t0) 6 ((k + 1)C˜hs)
1/αhsh−1s (1/t0) .
Therefore |x¯− y| 6 θ1h−1s (1/t0), where θ1 = θ1(d, α3, c3, T3, a1, a2, νs, k, θ). Then by the Claim,
p(t0, x¯− y + t0b[h−1s (1/t0)]) > c˜1
[
h−1s (1/t0)
]−d
.
Since t− t0 ∈ [(k−1)t0, kt0) and |y| < h−1s (1/t0) 6 h−1s (1/(t− t0)), by the induction hypothesis,
p(t− t0, y + (t− t0)b[h−1s (1/(t−t0))]) > c˜k−1
[
h−1s (1/(t− t0))
]−d
.
Finally,
p(t, x+ tb[h−1s (1/t)]) > c˜1ωdc˜k−1
[
h−1s (1/(t− t0))
]−d
> c˜k
[
h−1s (1/t)
]−d
.

5. Pure-jump Le´vy processes
In this section we discuss a Le´vy process Y in Rd with a generating triplet (A,N, b) where
A = 0. We begin with an auxiliary observation.
Lemma 5.1. Let φ, ϕ : [0,∞) 7→ [0,∞) be non-decreasing, continuous, φ(0) = ϕ(0) = 0 and
limr→∞ φ(r) = limr→∞ ϕ(r) =∞. Define (similarly for ϕ)
φ−1(s) = sup{r > 0: φ(r) = s} = sup{r > 0: φ(r) 6 s}, s > 0.
Provided c > 0, if c−1φ(r) 6 ϕ(r) for r > 0, then ϕ−1(s) 6 φ−1(cs) for s > 0.
Combining with (1.2) we immediately have with cd = 16(1 + 2d),
1
h−1(u/2)
6 Ψ−1(u) 6
1
h−1((cd/2)u)
, u > 0 .(5.1)
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5.1. General statement. We boost [31, Theorem 3] by taking into account the results of
Section 3 and dealing with the dependence of constants, which is not explicitly mentioned by
the authors in [31].
Theorem 5.2. Assume that N(dx) is a Le´vy measure such that
N(A) 6M1f(δ(A))[diam(A)]
γ, A ∈ B(Rd),(5.2)
where γ ∈ [0, d], and f : [0,∞)→ [0,∞] is non-increasing function satisfying∫
|y|>r
f
(
s ∨ |y| − |y|
2
)
N(dy) 6M2f(s)Ψ
∗(1/r), s > 0, r > 0,(5.3)
for some constants M1,M2 > 0. Further, assume that there are M5 > 0 and T ∈ (0,∞] such
that ∫
Rd
e−tRe[Ψ(ξ)] dξ 6M5 [Ψ−1(1/t)]d, t ∈ (0, T ).(5.4)
Then for all k,m ∈ N0 satisfying m > k > γ and every β ∈ Nd0 such that |β| < m − k there is
a constant C = C(d,M1 +M2,M5, γ,m, k) such that for all x ∈ Rd, t ∈ (0, T/[16(1 + 2d)]),
|∂βxp(t, x+ tb[1/Ψ−1(1/t)])|
6 C
[
Ψ−1(1/t)
]d+|β|
min
{
1, t
[
Ψ−1(1/t)
]−γ
f(|x|/4) + (1 + |x|Ψ−1(1/t))−k} .
Proof. First we use (5.4), (5.1), Lemma 2.4 and 2.3 to obtain (A2) with αh = αh(d,M5),
Ch = Ch(d,M5) and θh = h
−1(1/(2T/cd)), and the condition (C2) with c2 = c2(d,M5) and
T2 = 2T/cd. Due to (C5), (5.1) and (A2) there is M˜5 = M˜5(d,m,M5) such that∫
Rd
|ξ|me−tRe[Ψ(ξ)] dξ 6 M˜5 [Ψ−1(1/t)]d+m, t ∈ (0, T/cd),
Thus, the remaining inequality (8) from [31, Theorem 3] holds. Now we carefully inspect a
dependence of constants in the proof of [31, Theorem 3] following the notation therein. The
constant c1 depends only on dimension and M5. Next the constant c3 = c2/(1 − γ/n) and
c2 depends on C19, M1 + M2, γ and dimension. Finally C19 depends only on M5, m, n and
dimension. 
5.2. Comparison with a unimodal Le´vy measure. We concentrate on N(dx) that admits
a density n(x) satisfying for some CN > 1,
(5.5) C−1N ν0(|x|) 6 n(x) 6 CNν0(|x|) , x ∈ Rd ,
where ν0 : [0,∞) → [0,∞] is a non-increasing function. In other words, N(dx) = n(x)dx is
comparable with an isotropic unimodal Le´vy measure ν0(|x|)dx. At this point we refer the
reader to Section 6 for auxiliary results on isotropic unimidal Le´vy processes. We denote the
corresponding characteristic exponent by Ψ0, as well as functions K0 and h0. We consider
the scaling condition (A1) for h0 (see Remark 2.7): there are αh0 ∈ (0, 2], Ch0 ∈ [1,∞) and
θh0 ∈ (0,∞] such that
(5.6) h0(r) 6 Ch0λ
αh0h0(λr), λ 6 1, r < θh0 .
Remark 5.3. Under the assumption of (5.5) the condition (5.6) is equivalent with (C3).
Indeed, combining (5.5), (6.1) and (1.2) we get for every x 6= 0 and r = |x|,
(5.7) ((cd/2)pi
2CN)
−1 h0(1/r) 6 Re[Ψ(x)] 6 Ψ∗(r) 6 (2CN) h0(1/r) .
We record a technical observation and a property of br (see (1.1)).
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Lemma 5.4. Let h0 satisfy (5.6). Then
[Ch02CN ]
−1/αh0
h−10 (u)
6 Ψ−1(u) 6
[Ch0(cd/2)pi
2CN ]
1/αh0
h−10 (u)
, u > 2CNh0(θh0) .
Proof. From (5.7) and Lemma 5.1,
1
h−10 (u/(2CN))
6 Ψ−1(u) 6
1
h−10 ((cd/2)pi2CNu)
, u > 0 .
Finally, we apply Lemma 2.3. 
Lemma 5.5. Let r1, r2, t > 0 satisfy c
−1h−10 (1/t) 6 r1, r2 6 ch
−1
0 (1/t)) for some c > 1. Then
with a = c3CN we have
t|br1 − br2 | 6 ah−10 (1/t) .
Proof. We apply (3.3), (5.5), r1 ∨ r2 6 ch−10 (1/t) and h0(r1 ∧ r2) 6 h0(c−1h−10 (1/t)) 6 c2t−1.

Now, we focus on the upper estimates of p(t, x) and of its derivatives using Theorem 5.2. To
this end for t > 0, x ∈ Rd we define the bound function,
Υt(x) =
(
[h−10 (1/t)]
−d ∧ tK0(|x|)|x|d
)
.(5.8)
Theorem 5.6. Assume that the Le´vy measure N(dx) satisfies (5.5) and that (5.6) holds for h0.
Let β ∈ Nd0 and cd = 16(1 + 2d). Then
|∂βx p(t, x+ tb[h−10 (1/t)])| 6 C0
[
h−10 (1/t)
]−|β|
Υt(x) ,(5.9)
holds for all t < 1/[2cdCNh0(θh0)] and x ∈ Rd with C0 = C0(d, β, αh0, Ch0, CN).
Proof. We verify assumptions of Theorem 5.2. We define a decreasing function f(s) = s−dK0(s)
and we have f(s/2) 6 2d+2f(s) (see Lemma 6.1). Observe that (5.2) is satisfied with f , γ = d
and M1 = M1(d, CN). Indeed, for a Borel set A ⊆ Rd, x ∈ A,
N(A) 6 CN
∫
A
ν0(|z|) dz 6 CN ν0(δ(A))|A| 6 CN ν0(δ(A)) |B(x, diam(A))|
= (CN ωd/d) ν0(δ(A))
[
diam(A)
]d
,
and ν0(r) 6 c(d)f(r). Furthermore, since f is decreasing f(s ∨ |y| − |y|/2) 6 f((s ∨ |y|)/2) 6
f(s/2) for s > 0, y ∈ Rd. Consequently, by (1.2) we have for s, r > 0,∫
|y|>r
f(s ∨ |y| − |y|/2)N(dy) 6 f(s/2)h(r) 6 2d+1cdf(s)Ψ∗(1/r) .
Thus (5.3) holds for f withM2 =M2(d, CN). Now, using (5.7) and (5.6) we get that (C3) holds
for Ψ with α3 = αh0 , c3 = c3(d, Ch0, CN) and T3 = θh0 . By (5.5) and (5.6) we get (A1) for h
with αh = αh0 , Ch = Ch0C
2
N and θh = θh0 . Then by (C2), (A2) and (5.1) we obtain (5.4) with
M5 =M5(d, αh0, Ch0, CN) and T = 1/[2CNh0(θh0)]. Then by Theorem 5.2 with m = d+2+ |β|
and k = d+ 2 there exists a constant c = c(d, β, αh0, Ch0, CN) (which may change from line to
line in what follows) such that
|∂βxp
(
t, x+ tb[1/Ψ−1(1/t)]
) | 6 c [Ψ−1(1/t)]|β|([Ψ−1(1/t)]d ∧(tf(|x|/4) + [Ψ−1(1/t)]d
[1 + |x|Ψ−1(1/t)]d+2
))
6 c
[
Ψ−1(1/t)
]|β| ([
Ψ−1(1/t)
]d ∧ (tf(|x|) + [|x|Ψ−1(1/t)]−2 |x|−d)) .
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Here and below t ∈ (0, T/cd]. By Lemma 5.4
|∂βxp
(
t, x+ tb[1/Ψ−1(1/t)]
) | 6 c [h−10 (1/t)]−|β| ([h−10 (1/t)]−d ∧ (tf(|x|) + [h−10 (1/t)/|x|]2 |x|−d)) .
If |x| 6 h−10 (1/t), then we bound the above minimum by
[
h−10 (1/t)
]−d
. If |x| > h−1(1/t), we
proceed as follows: recall that h0(λr)/h0(r) > λ
−2, λ > 1, r > 0. Taking λ = (|x|∧θh0)/h−10 (1/t)
and r = h−10 (1/t) we get(
h−10 (1/t)
|x| ∧ θh0
)2
6
h0(|x| ∧ θh0)
h0
(
h−10 (1/t)
) = th0(|x| ∧ θh0) .
Then(
h−10 (1/t)
|x|
)2
=
(
h−10 (1/t)
|x| ∧ θh0
)2
(|x| ∧ θh0)2
|x|2 6 th0(|x| ∧ θh0)
(|x| ∧ θh0)2K0(|x| ∧ θh0)
|x|2K0(|x|)
K0(|x|)
K0(|x| ∧ θh0)
6 (h0(|x| ∧ θh0)/K0(|x| ∧ θh0)) tK0(|x|),
since r 7→ r2K0(r) is non-decreasing. Lemma 2.3, continuity of K0 and h0 assert that the
quotient h0(|x| ∧ θh0)/K0(|x| ∧ θh0) is bounded by a constant depending only on αh0, Ch0.
Therefore, the above minimum is bounded by ctf(|x|). Now, Corrolary 6.8 provides that
|∂βxp
(
t, x+ tb[h−10 (1/t)]
)
| 6 cΥt
(
x+ t(b[h−10 (1/t)] − b[1/Ψ−1(1/t))])
)
.
The claim follows eventually from Lemma 5.4 and 5.5, and Corollary 6.7. 
Remark 5.7. It is straightforward that if n(x) is symmetric, then b[h−10 (1/t)] reduces to b and
(5.9) reformulates as
|∂βxp (t, x+ tb) | 6 C0
[
h−10 (1/t)
]−|β|
Υt(x) .(5.10)
Corollary 6.7 assures that if h0 satisfies (5.6), (5.9) holds for all x ∈ Rd and some 0 < t <
1/h0(θh0) such that
t|b[h−10 (1/t)] − b| 6 ah
−1
0 (1/t) ,
then (5.10) holds for that t and all x ∈ Rd with a modified constant C0, where the modification
depends only on d, a, αh0, Ch0.
In the next three propositions we present another situations in which (5.10) holds. They play
an important role in view of our further studies (see [20]). The first relies on the assumptions
of cancellations of zN(dz) near the origin and the control of rh(r).
Proposition 5.8. Under the assumptions of Theorem 5.6, if
sup
0<r<θh0
∣∣∣∣∫
Rd
y
(
1|y|<r − 1|y|<1
)
N(dy)
∣∣∣∣ 6 c∗ <∞ ,(5.11)
and
inf
0<r<θh0
[
rh0(r)
]
> c∗ > 0 ,(5.12)
then (5.10) holds for all t < 1/[2cdCNh0(θh0)], x ∈ Rd with C0 = C0(d, β, αh0, Ch0, CN , h0, c∗, c∗).
Proof. Note that r = h−10 (1/t) < θh0 . By (5.11) and (5.12) we get t|br − b| 6 (c∗/c∗)h−10 (1/t).
The statement follows from Remark 5.7. 
In the next proposition we deal with a case in which the intrinsic (first order) drift term is
dominated by the order of non-locality.
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Proposition 5.9. Under the assumptions of Theorem 5.6, if αh0 > 1 and θh0 < ∞ in (5.6),
then (5.10) holds for all t < 1/[2cdCNh0(θh0)], x ∈ Rd with C0 = C0(d, β, αh0, Ch0, θh0, CN , h0).
Proof. We rely on Remark 5.7. Consider r < θh0 . If r 6 1, then for c = c(d, αh0, Ch0, CN , θh0∧1),
t|br − b| 6 ctrh0(r) .
Indeed, |br − b| 6 ωdCN
∫ 1
r
udν0(u)du 6 c(d)ωdCN
∫ 1
r
h0(u)du and by (5.6) we have∫ 1
θh0∧1
h0(s)ds 6 (1− θh0 ∧ 1)h0(θh0 ∧ 1) 6 (1− θh0 ∧ 1)Ch0(r/(θh0 ∧ 1))h0(r) ,∫ θh0∧1
r
h0(s)ds 6 Ch0
∫ θh0∧1
r
(r/s)αh0h0(r) ds 6 (Ch0/(αh0 − 1)) rh0(r) .
If r > 1, similarly we get |br − b| 6 c(d)ωdCN(Ch0/(αh0 − 1))h0(1). Now, we observe that by
our assumption we can put r = h−10 (1/t) < θh0 . For r 6 1 the proof is already complete. For
r > 1 we use t/[h−10 (1/t)] 6 Ch0/[θh0h0(θh0)], which follows from (5.6). 
In the third proposition we treat a Le´vy measure having a property:
∫
Rd
(1 ∧ |z|)N(dz) <∞
(see Lemma 6.2). To formulate our result we consider βh0 ∈ (0, 2], ch0 ∈ (0, 1] and θh0 ∈ (0,∞]
such that
(5.13) ch0 λ
βh0 h0(λr) 6 h0(r) , λ 6 1, r < θh0 .
If θh0 <∞ we extend the scaling to r < R as follows, for θh0 6 r < R,
h(r) > (θh0/R)
2h(θh0) > ch0(θh0/R)
2λβh0h(λθh0) > [ch0(θh0/R)
2]λβh0h(λr) .
Proposition 5.10. Under the assumptions of Theorem 5.6, if (5.13) holds with βh0 < 1, then
(5.10) holds for all t < 1/[2cdCNh0(θh0)], x ∈ Rd with b replaced by b +
∫
|z|<1 z N(dz) and
C0 = C0(d, β, αh0, βh0, Ch0, ch0, CN).
Proof. Let b¯ = b+
∫
|z|<1 z N(dz). We note that r = h
−1
0 (1/t) < θh0 and by Lemma 6.2,
|br − b¯| = |
∫
|z|<r
zN(dz)| 6 c(d)CN
ch0(1− βh0)
rh0(r).
We finally use (5.9) and Lemma 6.7 (cf. Remark 5.7). 
We pass to the lower estimates of p(t, x). By Remark 5.3 and Theorem 4.3 the following
holds.
Corollary 5.11. Assume that the Le´vy measure N(dx) satisfies (5.5) and that (5.6) holds
for h0. Then for all T, θ > 0 there is a constant c˜ = c˜(d, αh0, Ch0, θh0, ν0, CN , T, θ) > 0 such
that for all 0 < t < T and |x| 6 θh−10 (1/t),
p(t, x+ tb[h−10 (1/t)]) > c˜
[
h−10 (1/t)
]−d
.
If θh0 =∞, we can also take T =∞ with c˜ > 0.
Theorem 5.12. Assume that the Le´vy measure N(dx) satisfies (5.5) and that (5.6) holds
for h0. Then for all T, θ1, θ2 > 0 there is a constant c˜ = c˜(d, αh0, Ch0, θh0 , ν0, CN , T, θ1, θ2) > 0
such that for all 0 < t < T , |y| 6 θ1h−10 (1/t) and |x| > θ2h−10 (1/t),
p(t, x+ y + tb[h−10 (1/t)]) > c˜ tν0(|x|) ,
If θh0 =∞, we can also take T =∞ with c˜ > 0.
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Proof. First we decompose the Le´vy measure N(dx) and so the characteristic exponent Ψ.
For λ > 0 we consider N1.λ(dx) := n1.λ(x)dx, N2.λ(dx) := n2.λ(x)dx, where
n1.λ(x) := n(x)− n2.λ(x), n2.λ(x) := 1
2CN
ν0(|x|)1|x|>λ .
We let Z1.λ and Z2.λ be Le´vy processes corresponding to (0, N1.λ, b) and (0, N2.λ, 0), respec-
tively. Similarly, we write Ψ1.λ and Ψ2.λ for their characteristic exponents. We have Ψ
λ
2(x) =∫
Rd
(
ei〈x,z〉 − 1)N2.λ(dz), hence Z2.λ is a compound Poisson process, and we denote the distri-
bution of Z2.λt by P
2.λ
t . Further, for every λ > 0 we have
(2CN)
−1ν0(|x|) 6 n1.λ(x) 6 CNν0(|x|), x ∈ Rd.(5.14)
By (5.14) and (5.6) we can apply Corollary 5.11. Thus, there is c˜ = c˜(d, αh0, Ch0, θh0 , ν0, CN , T, θ1, θ2)
such that for all 0 < t < T and |w| 6 (θ1 + θ2/2)h−10 (1/t),
p1.λ(t, w + tb[h−10 (1/t)]) > c˜
[
h−10 (1/t)
]−d
.
Due to Ψ = Ψ1.λ +Ψ2.λ we have for t > 0, x ∈ Rd,
p(t, x) =
∫
Rd
p1.λ(t, x− z)P 2.λt (dz) .
For x 6= 0, t > 0 we let λ = (θ2/2)h−10 (1/t) and B(x,t) := B(λx/(2|x|), λ/2). Then
N2.λ(R
d) =
1
2CN
∫
|z|>λ
ν0(|z|)dz 6 1
2CN
h0(λ) 6
(1 ∧ (θ2/2))−2
2CN
t−1 = ct−1 .
Note that if |x| > 2λ and z ∈ B(x,t), then |z| 6 λ 6 |x − z| 6 |x|. Thus for all 0 < t < T ,
|y| 6 θ1h−10 (1/t) and |x| > θ2h−10 (1/t),
p(t, x+ y + tb[h−10 (1/t)]) =
∫
Rd
p1.λ(t, x+ y + tb[h−10 (1/t)] − z)P
2.λ
t (dz)
>
∫
B(x,t)
p1.λ(t, z + y + tb[h−10 (1/t)]) t n2.λ(x− z)e
−tN2.λ(Rd) dz
>
(∫
B(x,t)
p1.λ(t, z + y + tb[h−10 (1/t)])dz
)
(ec2CN)
−1 tν0(|x|)
> c˜ωd(θ/2)
d/(ec2CN) tν0(|x|) .

Remark 5.13. If we put Corollary 5.11 and Theorem 5.12 together, we find out that under
(5.5) and (5.6) for all 0 < t < T , |y| 6 θ1h−10 (1/t) and x ∈ Rd,
p(t, x+ y + tb[h−10 (1/t)]) > c˜
([
h−10 (1/t)
]−d ∧ tν0(|x|)) .
It is natural to ask under which conditions the lower bound agrees with the upper bound (5.9),
i.e., when the estimates are sharp (at least locally in time and space). In our setting the question
reads whether ν0(r) is comparable with r
−dK0(r), that is if the latter is dominated by ν0(r)
(the converse always holds, Lemma 6.1). The answer to this question is given in Lemma 6.3 by
means of scaling properties of K0, or equivalently of ν0.
Here is a direct consequence of Remark 5.13 and Lemma 6.3 (cf. [5, Theorem 21 and 26]).
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Corollary 5.14. Assume that the Le´vy measure N(dx) satisfies (5.5) and that (5.6) holds
for h0. Furthermore, let βν0 ∈ [0, 2), cν0 ∈ (0, 1] and Rν0 ∈ (0,∞] be such that for all λ 6 1
and r < Rν0,
cν0λ
d+βν0ν0(λr) 6 ν0(r) .
Then for every T > 0 there is c˜ = c˜(d, αh0, Ch0, θh0, ν0, CN , T, βν0, cν0) such that for all 0 < t < T
and |x| < Rν0,
p(t, x+ tb[h−10 (1/t)]) > c˜Υt(x) .
If θh0 =∞, we can also take T =∞ with c˜ > 0.
Proof of Theorem 1.1. Note that the condition (5.5) is satisfied with ν0 = g. We show that
(a) implies (c). By Lemma 2.3 and h ≈ h0 we have (5.6). The first inequality follows from
Theorem 5.6, Remark 2.7 and the comparability of K and K0, h
−1 and h−10 . The second
inequality follows from Remark 5.13 with y = tb[h−1(1/t)]−tb[h−10 (1/t)] (see Lemma 5.5). Obviously,
(c) gives (C1). Thus (c) implies (b) by Theorem 3.1. Finally, (b) implies (a) by Lemma 2.4
and 2.3. The remaining part follows from Lemma 6.3. 
5.3. Exapmles. In the examples below we consider a density p(t, x) of a Le´vy process Y =
(Yt)t>0 with the generating triplet (A,N, b), where A = 0, b ∈ Rd and the Le´vy measure
N(dx) = n(x)dx satisfies for some 0 < λ 6 Λ <∞ and all x ∈ Rd,
λν0(|x|) 6 n(x) 6 Λν0(|x|) .
We emphasise that N(dx) may be non-symmetric. Moreover, the estimates in Example 1 and
Example 2 are uniform for all N(dx) whenever ν0, λ and Λ are fixed.
First, we provide the Aronson-type estimates.
Example 1. Let ν0(r) = r
−d−α + r−d−β, where 0 < β < 1 < α < 2. Then there is c0 =
c0(d, α, β, λ,Λ) such that for all t > 0 and x ∈ Rd,
c−10 f(t, x) 6 p(t, x+ tb) 6 c0f(t, x) ,
with
f(t, x) = (t−d/α ∧ t−d/β)
(
t
|x|d+α +
t
|x|d+β
)
.
Indeed, note that h0(r) = cd.αr
−α+cd.βr−β and K0(r) = (α/2)cd.αr−α+(β/2)cd.βr−β. Therefore
(5.6) and (5.13) are satisfied with θh0 = ∞, and r−dK0(r) is comparable with ν0(r). Thus, by
Theorem 5.6 and Remark 5.13 for all t > 0 and x ∈ Rd we have
c−11 Υt(x) 6 p(t, x+ tb[h−10 (1/t)]) 6 c1Υt(x) .
We also observe that |br− b| 6 c(d, α, β)
(
r1−α + r1−β
)
. Since rαh0(r) > cd.α and r
βh0(r) > cd.β
we get [h−10 (1/t)]
αt−1 > cd.α and [h−10 (1/t)]
βt−1 > cd.β. The latter two sentences give for all
t > 0 with a = a(d, α, β),
t|b[h−10 (1/t)] − b| 6 ah
−1
0 (1/t) .
Finally, by Corollary 6.7 it remains to compare Υt(x) with f(t, x), which is not very hard
because K0 is comparable with h0, while h
−1
0 can be easily estimated.
Now, we prove sharp estimates for ν0 with very heavy tail.
Example 2. Let ν0(r) = r
−d[log(1 + rα/2)]−2, where α ∈ (0, 2). Then for every T > 0 there is
c0 = c0(d, α, λ,Λ, T ) such that for all 0 < t < T and x ∈ Rd,
c−10 f(t, x) 6 p(t, x+ tb[h−10 (1/t)]) 6 c0f(t, x) ,
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with
f(t, x) = t−d/α ∧ t (log(1 + |x|
α/2))−2
|x|d .
In what follows the comparability constants depend only on d, α, λ,Λ, T . Since ν0(r) ≈ r−d−α+
r−d(log r)−21r>2 we have h0(r) ≈ r−α for r < h−10 (1/(aT )), a = 2cd(1 ∨ λ−1 ∨ Λ). Thus (5.6)
holds and h−10 (1/t) ≈ t1/α for t < T . We also have cλd+αν0(λr) 6 ν0(r) for all λ 6 1, r > 0
(here we omit details). The upper estiamte follows now from Theorem 5.6 and Lemma 6.3.
The lower estimate results from Corollary 5.14.
6. Appendix - unimodal Le´vy processes
In this section we discuss a Le´vy process X with a generating triplet (0, ν0, 0), where ν0(dx) =
ν0(|x|)dx for a non-increasing (profile) function ν0 : [0,∞)→ [0,∞]. Equivalently, X is a pure-
jump isotropic unimodal Le´vy process (see [5], [57]). The characteristic exponent Ψ0 of X takes
the form
Ψ0(x) = Re[Ψ0(x)] =
∫
Rd
(
1− cos 〈x, z〉 )ν0(|z|)dz ,
and satisfies ([5, Proposition 2])
(1/pi2)Ψ∗0(|x|) 6 Ψ0(x) 6 Ψ∗0(|x|) , x ∈ Rd .(6.1)
For r > 0 we define
h0(r) =
∫
Rd
(
1 ∧ |x|
2
r2
)
ν0(|x|)dx , K0(r) = r−2
∫
|x|<r
|x|2ν0(|x|)dx .
In what follows we assume that h0(0
+) = ν0(R
d) = ∞, i.e., X is not a compound Poisson
process. First we complement the properties of K0 and h0 gathered in Lemma 2.1.
Lemma 6.1. We have
1. K0 is continuous,
2. r−dK0(r) is strictly decreasing,
3. K0(r) 6 λ
−dK0(λr), λ 6 1, r > 0,
4. ν0(r) 6 c(d) r
−dK0(r).
Lemma 6.2. Let h0 satisfy (5.6) with αh0 > 1, then∫
r6|z|<θh0
|z|ν0(|z|)dz 6 c(d)Ch0
αh0 − 1
rh0(r) , r > 0 .
Let h0 satisfy (5.13) with βh0 < 1, then∫
|z|<r
|z|ν0(|z|)dz 6 c(d)
ch0(1− βh0)
rh0(r) , r < θh0 .
Proof. Proofs are based on the properties of ν0, K0, h0 and on scaling assumptions. 
The equivalence of conditions presented in the next lemma can be derived from the observa-
tions collected in [18, Appendix A], which rely on results of [1]. We give a direct short proof
and we mark down correlations between parameters.
Lemma 6.3. The following are equivalent.
(i) There are T1 ∈ (0,∞], c1 > 0 such that for all r < T1,
c1r
−dK0(r) 6 ν0(r) .
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(ii) There are T2 ∈ (0,∞], c2 ∈ (0, 1] and β2 ∈ (0, 2) such that for all λ 6 1 and r < T2,
c2λ
β2K0(λr) 6 K0(r) .
(iii) There are T3 ∈ (0,∞], c3 ∈ (0, 1] and β3 ∈ [0, 2) such that for all λ 6 1 and r < T3,
c3λ
d+β3ν0(λr) 6 ν0(r) .
Moreover, (i) implies (ii) with T2 = T1, c2 = 1 and β2 = β2(d, c1). From (i) we get (iii) with
T3 = T1, c3 = c3(d, c1) and β3 = β3(d, c1). The condition (ii) gives (i) with T1 = (c2/2)
1/(2−β2)T2
and c1 = c1(d, c2, β2). From (iii) we have (i) with T1 = T3 and c1 = c1(d, c3, β3).
Proof. Define f(r) = r2K0(r), r > 0. For all 0 6 a < b <∞ we have
f(b)− f(a) = ωd
∫ b
a
rd+2ν0(r)
dr
r
.
If (i) holds, then we get for 0 < r1 < r2 < T1,
f(r2)− f(r1) > c1ωd
∫ r2
r1
f(s)s−1ds ,
which implies (since f is continuous and positive) that f(r)r−c1ωd is non-decreasing for r < T1.
Thus (ii) holds, as well as (iii). Assume (ii). Then c2f(λr) 6 λ
2−β2f(r), and therefore f(λ0r) 6
(1/2)f(r) for r < T2 and λ0 = (c2/2)
1/(2−β2). Further, for r < T2,
f(λ0r)
2
6
f(r)
2
6 f(r)− f(λ0r) = ωd
∫ r
λ0r
sd+1ν0(s)ds 6 ωd
(
λ−d−20 − 1
d+ 2
)
(λ0r)
d+2ν0(λ0r) .
That gives c1(λ0r)
2K0(λ0r) 6 ν0(λ0r) for r < T2 and proves (i). Assume (iii). Then for r < T3,
r2K0(r) = ωd
∫ r
0
sd+1ν0(s)ds 6 (ωd/c3)
∫ r
0
sd+1(s/r)−d−β3ν0(r)ds =
ωd
c3(2− β3)r
d+2ν0(r) .
This guarantees (i) and ends the proof. 
We demonstrate fundamental properties of the bound function. See (5.8) for the definition.
Lemma 6.4. We have
(ωd/2) 6
∫
Rd
Υt(x) dx 6 (ωd/2)(1 + 2/d), t > 0 .
Proof. Note that ∫
|x|6h−10 (1/t)
[
h−10 (1/t)
]−d
dx =
ωd
d
,
and by Lemma 2.2, ∫
|x|>h−10 (1/t)
K0(|x|)|x|−ddx = ωd
2
1
t
.
The lower bound is a consequence ofK0(r) 6 h0(r), which implies tK0(|x0|)|x0|−d 6 [h−10 (1/t)]−d
for |x0| = h−10 (1/t), and the monotonicity of r−dK0(r). 
Lemma 6.5. Fix t > 0. There is a unique solution r0 > 0 of
tK0(r)r
−d = [h−10 (1/t)]
−d = Υt(r) ,
and r0 ∈ [h−10 (3/t), h−10 (1/t)].
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Proof. Since ν0 is unbounded we get limr→0+ K0(r)r−d = ∞. Moreover, limr→∞K0(r)r−d = 0.
Thus by continuity and monotonicity of K0(r)r
−d there exists a unique solution. Next, since
K0(r) 6 h0(r), we have r0 6 h
−1
0 (1/t). To prove the lower bound we use Lemma 6.4 to obtain
ωd
2
h0(r0)t =
∫
|z|>r0
tK0(|z|)
|z|d dz 6
∫
Rd
Υt(z)dz 6
ωd
2
d+ 2
d
,
which gives h0(r0) 6 (1 + 2/d)/t 6 3/t. Therefore r0 > h
−1
0 (3/t). 
Proposition 6.6. Let a > 1. There is c = c(d, a) such that for all t > 0,
Υt(x+ z) 6 cΥt(x) , if |z| 6
[
a h−10 (3/t)
] ∨ |x|
2
.
Proof. If |z| 6 |x|/2, then |x+ z| > |x|/2. By monotonicity of K0(r)r−d and scaling of K0,
Υt(x+ z) 6
[
h−10 (1/t)
]−d ∧ (tK0(|x|/2)(|x|/2)−d) 6 2d+2Υt(x) .
Now we prove the second part. Let a = 1. The condition |z| 6 h−10 (3/t) implies Υt(x + z) 6
Υt(z) = [h
−1
0 (1/t)]
−d (see Lemma 6.5). Again, monotonicity of K0(r)r−d and scaling of K0
imply for 2|z| > |x| that Υt(z) 6 2d+2Υt(2z) 6 2d+2Υt(x). Hence for x ∈ Rd and |z| 6 h−1(3/t)
we obtain
Υt(x+ z) 6 2
d+2Υt(x) .
Finally, to cover the case a > 1 we let n ∈ N. Then for any |z| 6 nh−10 (3/t) we have
Υt(x+ z) = Υt(x+ [(n− 1)/n]z + z/n) 6 (2d+2)nΥt(x) .

Corollary 6.7. Let h0 satisfy (5.6). For every a > 1 there is c = c(d, a, αh0, Ch0) such that
Υt(x+ z) 6 cΥt(x) , if |z| 6
[
a h−10 (1/t)
] ∨ |x|
2
and t < 1/h0(θh0) .
Corollary 6.8. Let h0 satisfy (5.6). For t > 0, x ∈ Rd define
ϕt(x) =
{
[h−10 (1/t)]
−d, |x| 6 h−10 (1/t) ,
tK0(|x|)|x|−d, |x| > h−10 (1/t) .
Then Υt(x) 6 ϕt(x) 6 cΥt(x) for all t < 1/h0(θh0), x ∈ Rd and a constant c = c(αh0 , Ch0).
Proof. By Lemma 6.5 it suffices to consider r0 < |x| 6 h−10 (1/t). Then by Lemma 2.3,
ϕt(x) = [h
−1
0 (1/t)]
−d = th0(h−10 (1/t))[h
−1
0 (1/t)]
−d 6 c tK0(|x|)|x|−d = Υt(x) .

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